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1. Introduciion

Let G be a group, ZG its integral groupring and A, the augmentation ideal of
ZG. Denote by 0,(G) = A%L/A%* ! and by G, the ith term of the lower central series
of G. Several authors have studied the structure of Q,(G) ({2}, [4], [S]). It is well
known that Q,(G)=G,/G-. Losey [2] proved that Q.(G)={(G,/G;}®Sp*(G,/G,)
for any finitely generated group; where Sp? denotes the second symmetric product
of G,/G,. Tahara has found the structure of Q,(G) for finite groups [4].

We are interested in the abelian group structure of the quotients AR A, /AZ*' A,
where m is a positive integer. The case where m=1 is discussed in the author’s
earlier paper [1]. Here the author attempts to finc the structure of ALAL/AL Ay
where G is a finite split extension of a normal subgroup H by a subgroup K.

2. Notation and pr=liminaries

We will restrict ourselves to the notation of Losey and Tahara.

Let M be an abelian group and F be a free abelian group generated by the symbols
u(my, M, ...,m,); meM, i=1,2,....,n. Let R be the subgroup ol F generated by
all elements of the type,

(a) WMy, My oo I, M, e BT
— UM My e I, M My e )
~ UM My o I, My ey i), E=12,0000
and

(b) Uy, Moy e 1) — UMy Moy e s M)

where 7 is the permutation of the integers 1.2,...,n. Then the nth symmetric
product Sp”"(M) of M is defined to be the quotient group F/R. If we write
m,VmyVv---vm, for the coset of u(my,m,,...,m,), then a general element of
Sp”(M) is a finite sum of the form ¥ _ rm,; v m,v---vm,. Let G be a finite group
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such that G=H K, H<G. Let
#:H=H,,2 H,=[H,G]2 H3=[H,G,G]2- 2 H,,=[H,G,G.,...,G]
QH(mH):l

be an N-series of /1; a series of subgroups Hy;, such that [H,;, H ;)] € H|;,  for all
i,j. .» induces a weight function w on H. For xe H, w(x)=k if xe H;,)\ H , .
w(l)=oo. Det e 2 family {A,,}, -, of Z-submodules of ZH as follows. A, is
spanned over /. by ail products (A~ 1)(h;—1)--- (hs— 1) with ¥°_, w(h;)=k. Then
Ag=ZH, A=Ay and [Aj, A1 C A, for all i, j=0. A;2 Al for all i. The
filtration {A}{ .o is called the canonical filtration of A, with respect to .¥. For
x#1, define 0*(x) to be the order of the coset xH|,,\,1). Since each of the quo-
tient groups H,,/H,,, ) is finite abelian there exist elements X;;, X2, .4 Xy IN
H;,/H . ;ysuch that any element X € H;)/H|,, , can be written uniquely in the form

X= b|.\_'” + b_)_.i",‘_y + -+ b“(,).—','“(,').

where 0<b;<0*(xy) for all j, I =i=m. Choose x;; such that 0*(x;;) divides 0*(x;; , ).
Set Sy ={x; ] i=12,...,m; j=12,..,u(i)}. Order § by putting x,; <xy, if i<k or
i=k and j</. Enlarge S, to S by putting .\',]7' immediately after x;, if o*(x;)=o0.
Let [S|=n. Re-index the set S by the integers 1,2,...,n so that x;<y; if i<j. Then
every element A€ H can be written uniquely in the form

h= _\-i'(l) ] ‘\.tz’(ly ven -\‘55"” (H

where (1) O0<e(i)<o*(x;) for all /, and

(M) if x;,,=x; ', then e(i)e(i+ 1) =0.

The set S is then called the positive uniqueness basis ot H.

With the above notations, an m-sequence a = (e(1), e(2), ..., e(m)) is 2z ordered m-
tuple of non-negative integers. The set S,, of all m-sequencss is ordered lexi-
cographically so that it is well-ordered. An m-sequence a = (e(1),e(2). ..., e(n)) is
basic if

(1) O<e(i)=d() for all i, d(i)=o0*(;), and

(2) if x;,,=x, ', then eti)e(i + 1) =0.

There is a one-to-one correspondence between the clements of # and the basic
m-sequences. Define the weight W) of an m-sequence a = (e(1),e(2), ..., em)) to
be  Hi(a)=Y" w(v)e(i). Define the proper product P@)eZH 10 be
Py =117, (x,— D' where the factors occur in order of increasing i from left to
right. It « is basic, then P(a) is called a basic product.

3. Main results

Losey and Tahara found the Z-basis of .1, .15, .1, and . I, respectively. They are
given by the tollowing lemmas.
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Lemma 1 ([2]). The basic products form a free Z-basis of ZH. The basic products
other than one form a free Z-basis of A;.

Lemma 2 ([2}). A, has a free Z-basis consisting of
() (= D, di)=0*(x)),
(2) P(a), a basic, W(a)=2.

Lemma 3. A, has a free Z-basis consisting of

(" W= DM, di) = 0*(x )2 3,
() (X3, - DYV d(i) = 0%(xs)),
(K)) dii)x,, - 1), = 1), dii)=o0*x)), l1=sisj=suQl),
4) P(ar), a basic, W(a)=3.

Lemma 4 ([4]). A, has a system of Z-generators consisti-2 of

1)) (xy, - D, di)=0*(x,;) =4,

(3] (a - DT d' = 0%(xy),

3) vy, - DT AT = 0*(xy)),

) ), - D, - 1), di)=o0*x ) =3, 1s=isjsup(l),

) = Dy, = DM, d(j)=o0*x)=3, I=sisj=ul),

(6) (A d' (GNxy, = DX, = 1), di)=0*(xy,), d'(j)=0*(xy),
(7 ai)(xy, — Dxy— Dy — 1), di)=o0*(xy,), l1=sisjsk=u(l),
(8) P(a), a basic, W(a)=4.

Denote by Ws(K)=(K,/K;)®Sp*(K,/K,) and 5 y(H) = (Hy2)/Ha))®Sp*(Hyy/Hya).
We now prove the following lemma.

Lemma S. Let G be a finite group and H a normal subgroup of G such that
G=H|K. Then
A (:; Ap/A (‘ Ay
=(Ay+ A AN AL+ AgA i An+ Ak mAn+ A An)

@A AL+ AL AN NAR AL+ AR AL+ Ak A+ Ag Ay 1 Ap).-

Proof. A is freely generated as an abelian group by the set {g-1 ]geG}.
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So

By (1) this

Since

and

we have

From (1)

and

M. Khambadkone

A;=(g-1g€G),
g V=hk-1: heH, kek,
=h-Dk-D+h=1D+k-1).

Ag=Ay+Ag+ AyAg.
S s a direct sum.
AgAy=A}+AgAy+ Ay A Ay,
AGA=(Ay+ Ag+ AgAYAL+ Ay Ay + AyAg Ay
= AL+ AR AL+ Ay A AS + Ay A Ay + Av Ay
F A ARA+ AR AR Ay + AR Ay A Ay + Ay Ag Ay Ag Ay,
= A+ AR AR+ Ay Ap A+ AR A+ A Ay Ap Ay

+A4”,4,\'44”x4l\“4u (l)
ApAg C AL A+ Ay, ApAp Ay CApAG+ A3

/“l,\ (‘111.4]\ ‘4” Q ‘4,\ (,4[\ .‘l;l + 4‘1;]) Q ‘4A .’1;1,
f‘l H .4 A 4 ”.‘*‘ l\"le Q ,4”(.-"11\ .4 ;1) g “1 H‘4 IS .‘4 H-

AGAy=Ay+ AgAj+ AR Ay + Ay Ag Ay, (2)
AcAp=(Ay+ A+ Ay ANAL + AL A+ A Ay + Ay A Ay)
=AL+ Ag A+ AL AL+ Ay A+ Ay Ag A+ Ay AL Ay

+ AR AR A+ AR ApA g A+ Ay A Ay Ag Ay, (3)

43 2 ) 12 42 ; 12
.4,,.4,\,4”g.4”‘4,\'.4”. .4”.4,\‘4”§A”A,\A”

3 -
A ”,4 A A H - ;4”‘4 A f"l”.

Consider the identity

(V=D =-D=@-I)v-D+(¥»mr]-D+@@-=1)([wx]-D
+ (=D xl-D+@-Dy-D(»x]l-D.

So for heH, kek,

(h=DKk-D=k~Dh=D+(h&]-D+Kk-D(JE]I-1
+(h= DAkl = D)+ k= 1)h-1)([hk]-1)
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(k=1)([hk]-D)=(k-1)h 'K - 1)
=tk-Dih"'-DR -+ =D+ - 1)

CAxAL+ AxAyCAgAy.
Also,
(k—1(h—D(hk]-1)
=(k-1h-D)h"H-1)
=(k-Dh-Dh " -DHE -+ -1+ H - 1)
CAA}+ArAHC AR Ay.
Hence
AyAg CAR A+ Ay AnAinny-
So
ApAgApC AR A+ Al Y An A DAn
QAKA;,I"FA[H‘]\']AH"‘/i;i. (5)
Thus

ApAg AL (AR AL+ A A+ AR AR
C AgAjr+ Ay k) Afi+ Al
Let .reA[,,_h-]Af, be such that x=(a- 1)(h, - )(h,- 1), ae[H,K]; hy,h,€ H. Then
xe(ApAp gt A emt A Ak n)An
€ AyA i Ant A mAn.
Hence
ApAv AR C AR A+ AyAm ki An+ Ak mAn+ Al (7
A;IAA'AHQAH(AKA%I*'A[H.MAFﬁAif)
CAyARAY+ AyAy i An+ Al
CAZ AL+ AyAnAn+ Ak mAn+ A} (8
Ax Ay Ay A C Ag(Ag Al + Ay ki A+ Aly)
gA;\'Ail*’AI\‘A[H.K]AH'*"4I\'A;I' 9
ApAxApAgApC (AR Al + A Ay A+ AxAl)
CApAL A+ AyAgAdy. (10)
AHA;\'AH:AHAI\'AKAH
CAxAy+ A )+ An A kN A Al
gAI\'AHAA‘AH“*'A[H,K]AKAH+AHA[H,K]AKAH-
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Hence , ,
b b
ApAx Ay Ay Ay CARVAL+ AR AL+ Ay ki An+ Ay Ag Al + AL AR Ay
2 42 3
g AI\'AH+ ‘4I\'AH+ A[H.l\'.l(lAH

+A[H,A'.H]AH+AHA[H.K|AH+A11- (1D
From (3) using (7), (8), (9)

AGAy=Ay+ AgAy+ ARAL+ AvAy+ ApAy g An
+ A nAnt Ak mAn+ Ag A A4n.
From (2) using (5),
AGA=Ap+ A AT+ Ax Ay + Ay Ay Ay,
But A, A5 Ay, C Ag Ay, therefore we have equality in the last line. Thus
-'4%,‘AH=(A;I+A[II.I\']AlI)@(AI\'A;i+ AR AR

and
1 1 , _
AGAp=An+ Ay Ay A+ Ak mAn+ Ak 1 Aw)

@(14/\'1411 + 4;\/4;1 + A;\'AH + AI\'A[H.I\'i A ‘1_1).
Therefore
A (:" fl I{/_;“A 2; A H
= (At Apn A AL+ Ay Ay g An+ Apem An+ A o An)

@(A,\-AiﬁAi-AH)/‘(A,\-Ai,wLAi-.4§,+A;\-AH+A,\A[,,_,\-|A,,).
This completes the proof of the lemma.

We determine the structure of the two direct summands on the right hand side
separately. The following lemma gives the structure of the first term completely.

Lemma 6. There exists a homomorphism
w* AT AT WE/RY
whose kernel is
(Apkky+ Ay g+ Ap+ Al )NAT+AS
where A¥= A3+ A x)Ay and
AF= A+ Ay Ay o A+ A n i Au+ Ay e k1 An

W}* = SP}(H(I)/H(:))(@(HU)"/H(2)®H<3)/H¢R))
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and R7 is the subgroup of Wy generated by elements

d i d(j e Y X

d((j)) (%, ®x1) - (Y|.®xd(j))+< (21)>(’Y1iV-Y]ijlk)
d(j d(i C e A

- d(({))( g))(flinnVXU)' 1=i=/=A(1).

Proof. Define y on the Z-free generators of A; as follows:
(= D™y =z vy vey if di)=3,
=Ry if d(i)> 3.
(xy = DT Vy =R}

Ay, — Dy - Dy = - (dg)>(_x"l,vr“v.’?,_,)

+ r,J®\|")+ Ry where d(i)=0*(x),).
(= DO — DO — Dy =%, VI VER+RY, Isisj<ksu(l).
(¥, = D3 = Dy =5, % + Ry,
(X3 = Dy =R,

(P(@))w =R where a is basic and W(a)=4. A7C A, since it is spanned by
elements (h, — D(h, — D(h; = 1), (x—= D(y-1); wh,)=1, ye [H, K] and of weight 2,
and ve H. So Ef_  w(hj)=3 and wr- x+ wty=3. Similarly AJCA,. Therefore y
induces a homomorphism y*: AF¥— W*/R}. We now show that (A,)y*=R7 so
that w* actually induces a homomorphism y*: A3/Af = W3* /Ry,

Consider the image of w* on each of the basis elements of A,.

(x;— D) Dy*=R}¥  since d(i)=4.

(= T Opr=R3, d'(D)=0%(x).
(= DTy =Ky, d"() = 0*(xy).

(v — l)dm(xu_ Ny*= l =d()(xy; — Dx,; = 1) - <d(’))( i I)z(xu— 1)

duy ) d(l)
8

2 >(,\|, l)l‘(\ll—l)‘*'(K(l(l) 1)(.Y1I-I)Jl//*

A3

= ‘ —d(i)(x); = Dlxy; = 1) - (d(21)>(x”_ 1Y (e = 1)

diy- 1

-y (‘“”)( = DA (v, — 1)+(x,,—1)(x""’ 1)
A-3



268 M. Khambadkone

+(x{ O x1-D+ X g(a)P(a)] w*

(d( )>(.X|,VX1,V.X'1,) (xlj®x| U))

s

_ (d(Zl))(X‘nV.\"qun)*'(«\—’l_i®-"—;ji(i_))+R;zR;'

[y~ Dy = DA yr* = [ —d()exy = Dxy = 1) - ("‘2’ o= e, - 1

d() 1
¥ (d(kj)>‘*“ e, = DF + (e — Dt = )]w*

A3

d(i) ¢(j) agj) T
:( >;(——( VR VR - i) (x,l®x”)

- (d(zj )>(-flin|>/V-f'|.,') + (-’?11®;;I}‘;)) +R¥=R7.

(d(@), d'(j)xy, = D, = Dy *=(d(), d'(]))(’ﬁ.-@-’?:‘,‘)
- \“® \d(J)
[d()(xy, = DXy, = DXy, — 1)]!//*=d(')(-’?nv-?u\’flk)
=1identity in Sp“(H“,/'H(:,).
[P@)]w*=R$
by definition where «a is basic and W(a)=4. Hence
(A w*=R7.
w* is clearly onto by definition. To determine Ker y*, if xe /4, 1s expressed as a
linear combination of its Z-free generators, we can observe that xy *=0 implies that
x=0. But by definition of y, the elements of the type, xy, — 1; (x5, ~ D" P(a),

basic M'(a)=4 are mapped into Ry. Therefore these elements lie in Ker w*. These
clements are precisely

(A a i+ Ape+Ap+ Ajp, I\'])n"'l.;k-
Hence

Ker w*= (A nr+ Apgan + A+ Al g PO AT+ AT
I'his completes the proot of the lemma.
Lemma 7

AkAn+AgAL (WK ®Hiy/HoI® K1 /K)® o 3(H)]
AgAy+ AR A+ Ag Ay Ry(H. K)

where Ri(H,K) is the subgroup of [W, (KY®(H )/ H o) D UK /K)® 7 (H)]
generated by elements m, and n;, where m, y =Y QX -7, O\’”, m==[d(@),d’'(i)] is
the least common multiple of d(l)— 0*(x)) and d’'()=0*(y:);
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ni-=wﬂ 4o (d(')\ vvvﬂ %]
” aau) (| ° \ 2 ’)

[ d'G)] d(j)
a0 { [ ( \‘“”B

Jorl=i<i; 1<j=<yu.

Proof. Denote M,=A%Ay+ AxA3 and My=AyAy+ A% AL+ Ax A}, Define a
mapping 8, : A5 X Ay —M,/M, by (u;,v)8, = U0+ M, where u,e A: and ve Ay,.
We prove that (1) (4% x A48, =M, and (2) (A‘,’ng%,)B, =M,. A} is generated ad-
ditively by (k; — 1)(ky— 1)(k3—1); k|, k;, k€ K.

For x=(k,— 1)(ks— 1)k, - 1)e A}, if he H,

(5 b =18, = [(k1kp = Diky = 1) = (kg — D(K3 = 1) = (k3 = (k3 — DI(h - 16,

Az is generated additively by (ky =Dk —1); ky, kr e
additively by (b, — I)(h,—1); h,h,e H.
Let x=(k, - I}k, — l)FA,\ and y=(h, - 1)(h,— 1) be an element of AH

x

Similarly A3 is generated

x5O, =x-y+ M,
= (k) - Dky— D[(hyhy— 1)+ (h, — 1)+ (h, — D] + M,
=(k,— D(ks— D(hy, — D(h,— D e AL AL C M,.

Hence @. induces a mapping 6, : (43 /A%) X (A /A%)— M, /M, defined by (i, 0)8, =
usv + M, where i, =us + Ay, use Az, b=v+Aj, VEAy.
It is easy to prove that §, is bilinear.

(@1, + its, 6)9, (u, + us, v)B, =(Us+U3)- 0+ My=1s0+usv+ M

Similarly

(B2, 0y + 1), = Uy - (U + 03) + My = U0, + U305 + M.
Therefore 6, induces a homomorphism

0,: (A3 /AR (A, /A3 )~ M, /M,

given by (u«(x)v)ﬂl u>v + M,.

Define 65: Ay XAH—’Ml/MZ by (14, v)0>=uv + Mz; ue Ay, ve Aj;. We can easily
prove that (1) (4% xAH)OZ—Mz and (2) (A,\ X A3)8, = M,. Therefore 6, induces a
bilinear mappmg 0, : (Ax/AX) X (A% /AL~ M, /M, inducing a homomorphism
07 (AA/AA)®(AH/AH)—>M, /M, given by (u@ua)ea—zlv»+M7 Thus there exists
a homomorphism 8=, +6, from [(A,\/A,\)O(A,,/AH)]®[(A,\/A,\)Q(A;,/AH)]
to M,/M- defined by

(U2®D+ a@ljz)é: UzU+HUz+M2.
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Since [2], Ax/A}=Wy(K), Ay/AL=H,/H,, Ax/A%=K,/K, and A3 /A}=
»(H), we have a homomorphism
0: [Wo(K)R(H )/ Ho)ID UK, /K)® ¥ 2 (H)] =M, /M,
defined by . N
(@3, +(PVI)RX] + Py Q%+ ) RRTVE))E
=(ya= D =D+ = DO =D =D+ = Dxa=1)
+(ym_ 1)(xl - 1)(X] - ])+M‘),

"

where y;, y1, ¥, y; €K\, y2€Ky; xy, X1, x1, X1 € Hyp)s X3 € Hy.
We prove that Ry(H,K)d=M,. For my, n; € Ry(H, K).

m,0=(9"®x; - 7,8
=" =D - D= (v, - D" = 1)+ M,
=m(y,— D - D~y - X, - 1)] modulo M,

ZA/Iz.
y_ 1d()),d'(i)] ; daw)\, . : .
m”)H:W‘ d() = I(x; - ( 5 )(_t,—l)(),—l)(.\,-l)]
d(j),d'(i) p 1) aci) TV
_ d(,a'0)] (i{( _)“ll( = D - ( (2’ )(.“;*l)(.\,-n)(.\,—l)l
VIR duy | s
[d(j)‘d ”'ll v.—-1)+ (E (d(:))(‘ ~l)‘l(\ - 1)
W k
( di ;
[d(.;d)(d) l)] (. )[d(l)(\ - l)+ ‘Iz,‘ (d(lj))(\,— 1)’ +:\f'3

- ;’Vl:.
Let

W= [”"’:(1\‘)®(H(1)/H(:))]@[(I\.l"'/K:)Qb ”.’.(H)]-
Then 6 induces a homomorphism 6: W/Ry(H,K)—M,/M,. We construct a

homomorphism o : M, /M, = W/Ry(H,K) such that #o = identity on W/R\(H.K)
and g6 = identity on M, /M,.
Let 7={v,0i=12,....m; j=1,2,...,4} be the positive uniqueness basis of A

For ve H, define o : Ay Ay~ W/RW(H.K) using the Z-free generators of A as
tollows:

d') vy, ~ DY - Do, = ( o ~(([(l)>(\,,V\,,))®\+R‘(H K,
lSl‘SA. d(l)=0 L\'“).
(V= DOy = D= Do, = (9, VI )X+ R.(H,K), 1<isjs<i.

(vy~ D= Doy = 5y, Q5+ Ry(H, K).
Py - 1o, = RyH,K), W(a)=3.
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Then (A3 A})a, = Ry(H, K) using the Z-free generators {(k, - 1)(h, - D|h, h,eH}
of A3. To prove that (A3 Ay, = Ry(H, K) consider the free Z-generators of A}

consisting of
(=D, d@) =023
(r2 = DT, d (D) =0*( ¥y
d'UNyu =Dy, =D, I=isjsi;
=Dy =D =D, Isisjsk=A;

and P(a) with a basic and W(a)=3. We consider the image of &, on each of the
basis elements.

d‘” D-d'iXy,;-H- (d(l))( = 1)

dwy
) (‘””)( .,—1)‘}(h Do,

k-3

(- DY - Do, =

=yIORR -y h+ (d N ))(y,,vy,,)Oﬁ
(d (I))Ullvyh)@ii R;(H, K).

[(vs, - ])‘l'“)(h - D)o, =| -d"U)yy - (d (N )( S The l)-

duy i "y f
— ‘E (dk(l))(""_l),\+(‘(l(l) l)](h_l)o_l
k- ,

The last two terms

d uy LY
y (d;))(yz,»l)*(h—l) and (¥$"'-Dh-1)
S|

on the right hand side lic in P(a), « basic with W(a)=3, so their image lies n
R\(H.K). Also

(dzm)‘n, ¥(h - Doy e Ry(H.K)

since the weight of (v, - 1)*=4. So
[(yx = Dk - Dloy = [-d"()(yy - Dih - Do,
= —d"(iN¥,,®h) € Ry(H,K).
[d'G) - Dy, - Dh=Dlo, =d' (i) 5,V 7)) R+ Ry(H, K)
= R;(H, K),
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(31— Dy — D = Dth = 1) € P(a) with a basic and W(a)=3 so its image under
o, lies in Ry ("1, K).
Similarly we define a homomorphism o-: Ay A3~ W/R:(H,K) as follows. For

anv ke kK
any Kex,

ik = 1)y - Doy =F® (a‘,’,‘” ( du ))(Al,Vx,,)>+R1(H K),

(n - DOy = D(xyj - Do = k@ (X, VX)) + Ry(H,K), 1=isjsu,
(A -NDP(Pra.=R;(H K), W(p)=3.

It is easy to prove that (AxA43)0~=R;(H,K). By [5].
AL AN AR AL =A@ dDIY - Dix; - D] 1=i<A, 1sj=p)

3 A
modulo M,. We prove that o, and g, map any element of AxA,yNAgx A7 to the
same image. For,

[d"(). d(HI; = D, - Doy

O (o (T gy ) o

+ Ry(H, K
d'() 3 )

_ldadinl lam (d(j)) cverll
AUy RAYAY
an Y 2 ) \")!5
=[d’'(). d(DN)y; - Iy, - Da.

Therefore we have a homomorphisin

(A3 Ay + A Al
0=0,+0:: 1 s H‘a ','A ! 7 W/R\(H,K)
(;4}"AH+A;\"‘/‘];{‘F."II\'A}{)

induced by g, and a,. It is easy to verify that Ao is the identity map on
HW/R.(H,K) and &8 is the identity map on M,/M,.
Therefore M, /M>=W/R:(H,K).
Note ([1]). Lemma 3.6 immediately gives us
Sp*(H/[H, K))=Sp~(H/[H,G])/Im({H, K]V H).
Theorem 8. Let G be a finite group such that G=H[K, a split extension of a
normal subgroup H by a subgroup K, then
Avdy + Ag Az B
AxAy+ A A+ Ag A+ Ax Ay An
@Sp (K, /KD ®(H, /HD D (K, /KD Q([H, K]/H )]
OUK, /KR (Sp[H, K1/[H, G))].

=[K,/K3; O H,/H,)
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Proof. Consider the following diagram.

0 0

|

AjAy+Ag A} a )
A A+ ARAL+ A A+ A Ay A » [WA(K)YQ(H, /H))]
KH KYH AYH KYH K} *H @[(KI/K2)®([H,K]/H(3))]

@K, /K2)®Sp*(H/H )]

Ai A+ Ap Al o
Ak M2 2A H__ — W/R(H,K)
Ak*z",l‘i'Al\A”‘FAKA" (7] N

|

AvAp+ AvAn+ A A+ Ag A An 9
KA ARAT ARART AKAHK] ”:*{[(K,/Kg)®(H:/H(3))]

A;\'AH‘.‘ AiA‘}i*.AI\A;I v @[(k’l/k’)®([H!K]VH)]
/Ry(H,K)}

The columns are exact.
é is induced by o if (A, Ay, k) Ay)o lies in the image of

(K, /K))®(Hy/H3))1® (K /K) R ([H, K]V H))

Let ae[H,K]. Let x;, X5, ..., X,, X1, X3,..., X, be a positive uniqueness basis of H
where x;s are of weight one and x;s are of weight 2.

Let a=aya, where g, is a product of x;s and a; is a product of x;s. Then
v=(k- apa, — D{h-1) is an element of Ax Ay x;Ay With he H, ke K.

v=(k-Dlay—Na-D+(@-D+@-Hlith-1
= (k- 1)@ - 1)(h-1) modulo AxA};.
Let ay=11'_, x”; p;s are integers. W.l.o.g. we can assume that h=x, for some

1, I1st=r.

v=Y ptk-Dx, - Dx,- 1)
¢+t

=)[:p,(k—l)(x,-—l)(x,—l)+ Z pitk—Dx;,— D(x, = 1)
1= 1

vt el

_ ¥ pitk- D - D= D+ T pitk= D0y - D - 1)

-1

+ E pitk—D(lx, x1-1

1=1+1
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YO, = Zp, Vi + Y p k@& V) + L p kR [x, x,]+ Ry(H, K).

=E®ayVh,+k®iag hl
=k®avh,+k®lay h]
€ (K, 7K))®([H, K1V H)® (K, /K) @ (H~/H3))).

By Lemma 7, ¢ is an isomorphism & being the inverse. ¢ induces a homomorphism
g’ on
A Ay An+ AvAp+ AR Aj+ Ag Ay
AxAy+ AL AL+ A A}
Define y : ((K|/K)QUH, K]VHN® (K, /K@ (Hy/H3;)— X such as follows.

w =, + w-> where y, is defined on the ordered triples (k,a, h); k € K\K>, e€[H, K],
heH.

=X say.

(koa. My, = (k- 1)a—Dh-1)+ Ay Ay+ AZ A5+ Ax A},
= (k- Dag— D=1+ Aj Ay + Az A3 + A A3y

w, is clearly trilinear and therefore induces a homomorphisit w,:(K,/K,)X
(IH. K1V H)— X. w-is defined by (K, )= (A - D(h-D+ X: ke K, he H,, ¢~ is also
bilincar and hence induces a homomorphism y,: (K, /K;))®(H,/H3)) = X

It is orsy to verify that o’y is the identity map on X while wa' is the identify
homomorphism on

(IK\ /KD Q(H:/Ha) IS UK /KD Q(H, KV H)).

Since 0,0’ are isomorphisms, & is an isomorphism. Hence the theorem.

Corollary 9. If G=H XK is finite with H and K forming direct fuctors, than
AGA/AGA = [(H, /HYDH, /Hy@ Hy/H)PSp (1, 'HA)) /R
DUPUR)RIEH T HDIDUK, KRR (D] Ry(HLK)
where R is the submodule of (Hy/H)@(H,/H-Q H./H)®Sp'(H,/H,) generated
by elements

d(J) i d(j) - .
dii) [x 1/’( ), vl + {d( ) (\l,%\“ ) — (¥, /(/))?

with 1=i<j<i(l) and R:(H,K) is the subgroup of [W-(K)R(H, H)]®
(N, KX o s(H)) generated by elements (7" Q% — ¥, QX)) where m=[d(i),d (i)
is the least common multiple of d(i)=o*(x,) and d’(i) = o*(v;); and
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[dU),d"@) | d'(i)) e

a0 {0, ( 5 (xvyﬂ®@}
_ldGnd @l (o [ = d(j)) - B
dej) {'®["’ (2 V5| §-

Proof. From Lemma 5, since H and K commute,

AGAL=AY+ Ay AR+ AR Ay
and

A A= AL+ Ag AL+ AL AL + AL A3,
Hence

. AT Ay+ AgA;
Az;AH/A%;A”=<A-2,/A7n®( e

ApAL+ AL AL+ AL A,)

The result follows by Lemma 7 and [4, Theorem 7].
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